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Abstract. A variational calculation is performed to obtain the polaronic corrections to the ground
and the first-excited-state energies of an electron in a parabolic quantum dot of a polar semiconductor
for the entire range of the electron–phonon coupling constant and the confinement length. The
number of virtual phonons, the size of the polaron and the polarization potential in the polaron
ground state are also calculated. The theory is applied to both two- and three-dimensional GaAs
quantum dots and it is shown that both the ground and the first-excited-state polaronic corrections
in these dots can be considerably large if the dot sizes are of the order a few nanometres.

1. Introduction

The study of low dimensional systems has undergone a renaissance with the advent of
modern fabrication techniques such as molecular beam epitaxy, nanolithographic and etching
techniques and selective ion implantation. With the development of these techniques it is now
possible to fabricate ultrasmall semiconductor structures with quantum confinement in all the
spatial directions [1]. These structures are typically of the order of a few nanometres in size
resembling giant artificial atoms and are commonly referred to as zero-dimensional objects or
more technically as quantum dots (see [2] for a review). Because of the zero dimensionality
quantum dots have fully quantized energy spectra and exhibit many new physical effects
[3] such as optical and electronic transport characteristics which are quite different from
those encountered in the case of their bulk counterparts. The quantum dot structures can
be realized in both the two and three dimensions and can be fabricated in different shapes
and sizes. Because of this design flexibility and the novel physical properties, quantum dots
have tremendous potentiality in finding application in semiconductor-based micro-electronic
device technology, for example in ultrafast computers. Consequently, a number of theoretical
and experimental investigations [4] have lately gone into understanding and exploring various
physical properties of these systems, among them the electronic properties being of particular
interest.

The electron–phonon interaction should play an important role in determining the transport
and other properties of quantum dots and has therefore been extensively studied [5] in these
materials both theoretically and experimentally. Recently a number of authors [6–8] have also
investigated the polaronic effects in quantum dots. Most of these calculations were however
performed in the weak electron–phonon coupling regime. We have performed a path-integral
variational calculation [7] for the polaron ground state (GS) self energy in a harmonic quantum
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dot for the entire range of the electron–phonon coupling strength. Sahoo [8] has also presented
a variational calculation for the GS polaronic properties of a harmonic dot. His calculation
is based on the Lee–Low–Pines–Huybrechts (LLPH) approach. However his assertion that
the total momentum of the system commutes with the Hamiltonian and is thus a constant

of motion is not correct and therefore the idea of minimizing the functional〈9̃|H̃ − Eu ẼP |9〉
(equation (3) of [8]) in this problem conceived by him is erroneous. Furthermore, the electronic
wavefunction (equation (9) of [8]) chosen by Sahoo is just the ground state wavefunction of
the confining potential and does not contain any variational parameters which implies that
his calculation is not valid for all values of the electron–phonon coupling constant and the
confinement length. His effective mass calculation is also not very meaningful in the strong
confinement regime where the quantum dot enhancements of the polaronic properties are
significant. In the present paper we purport to present an all-coupling LLPH calculation for
the GS polaron self-energy, the number of virtual phonons in the polaron, the size of the polaron
and the GS polarization potential of a polaron in a symmetric parabolic quantum dot for the
entire range of the confinement length. Comparison of the LLPH results with the corresponding
Feynman–Haken path-integral results [7] shows that the LLPH results are quite accurate. The
LLPH method however has one palpable advantage over the path-integral method in that it can
be applied to the excited states (ESs). We also report in the present paper our LLPH results
for the first excited state.

For the sake of mathematical simplicity we neglect the size quantization of phonons and
treat the relevant phonon modes within the framework of the Fröhlich model [9]. This approach
may not be rigorously valid if the confinement length is reduced to a very small value, but
may still serve as a good enough approximation to capture some of the most important and
interesting features of the electron–phonon interaction effects in quantum dots. We shall make
anN -dimensional (ND) formulation and obtain results for both 2D and 3D dots as special
cases. In our model, a quantum dot embedded in a 3D material with the motion of the dot
electron confined in all the three spatial directions will be called a 3D quantum dot, while
that embedded in a purely two-dimensional (zero-thickness) system with the electron’s motion
confined in the two available spatial directions will be referred to as a 2D quantum dot.

2. The model Hamiltonian

The system under study consists of an electron interacting with the longitudinal optical
(LO) phonons of anND polar semiconductor quantum dot. Theoretically one can simulate
the ND quantum dot geometry approximately by considering the electron’s motion in an
N -dimensional box. This model is however not very realistic since the force experienced by
the electron within the dot is not really zero. A number of recent investigations [10] on the other
hand have indeed suggested that the confining potential seen by an electron in a quantum dot
is nearly parabolic. We shall therefore use the parabolic potential model in the present work.
The Hamiltonian for an electron moving in anND parabolic quantum dot and interacting with
LO phonons of the system can be written as

H ′ = − h̄
2

2m
∇2
Er ′ +

1

2
m
∑
i

ω2
hix
′2
i + h̄ωLO

∑
Eq ′
b

†
Eq ′bEq ′ +

∑
Eq ′

[ξ ′Eq ′ e
−i Eq ′·Er ′b†

Eq ′ + HC] (1)

where all vectors areND, Er ′(x ′i , x ′2, . . . , x ′N) is the position vector of the electron andm is its
Bloch effective mass,ωhi is the frequency of the confining potential in theith direction,ωLO
is the LO phonon frequency which is assumed to be dispersionless,b

†
Eq ′ (bq ′ ) is the creation

(annihilation) operator for an LO phonon of wavevectorEq ′ and ξ ′q ′ is the electron–phonon
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interaction coefficient. We shall use the Feynman units in which the energy is scaled by ¯hωLO ,
length byr0 wherer0 = q−1

0 , q0 being an inverse length defined by ¯h2q2
0/m = h̄ωLO , volume

by rN0 and wavevectors byq0. Such scalings are equivalent to putting ¯h = m = ωLO = 1. In
these units the Hamiltonian (1) reads

H = −1

2
∇2
Er +

1

2

∑
i

ω2
i x

2
i +

∑
Eq
b†
qbEq +

∑
Eq
(ξq e−i Eq·Erb†

Eq + HC) (2)

wherer2 =∑N
i=1 x

2
i , xi = x ′i/r0, Eq = Eq/q0, ωi = ωhi/ωLO andξq is given by [11]

|ξq |2 =
0
(
N−1

2

)
2N−

3
2π(

N−1
2 )

VNqN−1
α (3)

whereVN is the volume of theND dot andα is the dimensionless electron–phonon coupling
constant.

3. Formulation

In the LLPH method [12, 13] the first LLP transformation is modified as

U1 = exp

[
− ia

∑
Eq
Eq · Erb†

EqbEq

]
(4)

wherea is a variational parameter. Then after the second LLP transformation [14]

U2 = exp

[∑
Eq
(fEqb

†
Eq − f ∗Eq bEq)

]
(5)

the Hamiltonian (2) becomes

H̃ = U−1
2 U−1

1 HU1U2 = Êp
2

2
+
∑
Eq

(
1 +

a2q2

2
− a Ep · Eq

)
(b

†
Eq + f ∗q )(bEq + fEq)

+
1

2

∑
i

ω2
i x

2
i +

∑
Eq

[ξq e−i(1−a)Eq·Er (b†
Eq + f ∗Eq ) + HC]

+
a2

2

∑
Eq,Eq
Eq · Eq ′(b†

Eq + f ∗Eq )(b
†
Eq ′ + f

∗
Eq ′)(bEq + fEq)(bEq ′ + fEq ′) (6)

where Êp is the electron momentum and the functionfEq is to be obtained variationally. When
a = 1 this modified procedure reduces to the LLP method, which should provide a good
description in the extended state limit, while fora = 0 this approach is equivalent to the
Landau–Pakar method [13], which is valid in the adiabatic limit and will be a useful approach
in the localized state limit. Thus treatinga as a variational parameter (0< a < 1) one can
have a consistent theory encompassing the entire parameter space. The variational energy is
now written as

E = 〈8|〈0|H̃ |0〉|8〉 (7)

where8(Er) is the electronic function to be chosen variationally and|0〉 is the unperturbed
zero-phonon state. We are interested in this work in a symmetric quantum dot and therefore
we assume ∑

Eq
Eq|fEq |2 = 0 (8)
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and the variational energy then simplifies to

E = −1

2
〈8|∇2|8〉 +

[∑
Eq

(
1 +

a2q2

2

)
|fq |2

][
1

2

∑
i

ω2
i 〈8|x2

i |8〉
]

+
∑
Eq
(ξqf

∗
q ρ
∗
Eq + HC) (9)

where

ρEq = 〈8|ei(1−a)Eq·Er |8〉. (10)

Minimizing E with respect tof ∗q now yields

fq = −
ξqρ
∗
Eq(

1 + a2q2

2

) (11)

and thus equation (9) reduces to

E = −1

2
〈8|∇2|8〉 + 1

2

∑
i

ω2
i 〈8|x2

i |8〉 −
∑
Eq

|ξq |2|ρEq |2(
1 + a2q2

2

) . (12)

The average number of phonons (N ) in the polaron may be defined as

N = 〈9|b†
EqbEq |9〉 (13)

and the size of the polaron (R) may be defined as

R = 〈9|r|9〉 (14)

where

|9〉 = U1U2|0〉|8〉. (15)

We obtain

N =
∑
Eq

|ξq |2|ρEq |2(
1 + a2q2

2

)2 (16)

and

R = 〈8|r|8〉. (17)

Another interesting quantity is the polarization potential which can be defined as

V (Er ′) = 〈9|v(Er − Er ′)|9〉 (18)

where

v(Er) = −1

e

∑
Eq
(ξq e−i Eq·Erb†

Eq + HC). (19)

We obtain

−eV (Er) = −2
∑
Eq

|ξq |2|ρEq |2(
1 + a2q2

2

) cos(Eq · Er ′). (20)
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4. The ground state

So far we have not specified the form of the electronic function for which we now make the
harmonic oscillator approximation, i.e. we choose

8(Er) =
N∏
i=1

φ(xi) (21)

with

φ(xi) =
√
µi

π1/4
e−µ

2
i x

2
i /2 (22)

whereµi are variational parameters. We then obtain

ρEq = exp

[
−

N∑
i=1

(1− a)2
4µ2

i

q2
i

]
(23)

and thus the GS energy, the mean number of phonons in the GS polaron, the polaron size and
the GS polarization potential assume the following expressions:

EGS = 1

4

∑
i

µ2
i +

1

4

∑
i

ω2
i

µ2
i

− 0
(
N−1

2

)
α

2
√

2π
N+1

2

∫
dEq e

−∑i
(1−a)2

2µ2
i

q2
i

qN−1
(
1 + a2q2

2

) (24)

NGS =
0
(
N−1

2

)
α

2
√

2π
N+1

2

∫
dEq e

−∑i
(1−a)2

2µ2
i

q2
i

qN−1
(
1 + a2q2

2

)2 (25)

RGS = µ1µ2 . . . µN

πN/2

∫
dErr e−

∑
i µ

2
i x

2
(26)

−eVGS(Er) = −
0
(
N−1

2

)
α√

2π
N+1

2

∫
dEq
qN−1

e
−∑i

(1−a)2
2µ2
i

q2
i cos(EqEr)(

1 + a2q2

2

) . (27)

We are interested in a symmetric quantum dot for which, we haveω1 = ω2 = · · · = ωN = ω
and therefore we can takeµ1 = µ2 = · · · = µN = µ. Equations (24)–(27) then read

EGS = N

4
µ2 +

N

4l4µ2
−
√
πα

2

0
(
N−1

2

)
0(N/2)

(1 + tµ) et
2
erfc(t) (28)

NGS = α√
2π

0
(
N−1

2

)
0(N/2)

∫ ∞
0

dq
e
− (1−a)2

2µ2 q2(
1 + a2q2

2

)2 (29)

RGS =
0
(
N+1

2

)
0(N/2)

1

µ
(30)

−eVGS(Er) = −
α2

N−1
2 0

(
N−1

2

)
√
π

1

r
N
2 −1

∫
dq

e
− (1−a)2

2µ2 q2

q
N
2 −1

(
1 + a2q2

2

)JN
2 −1(qr). (31)

In (28), l is the dimensionless confinement length given byl = l0/r0 = 1√
ω

, where

l0 = (h̄/mωh)
1/2 and t = ( 1−a

aµ
) is to be treated as a new variational parameter instead of
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a. Variation of (28) with respect toµ andt gives

µ4 −
[
α
√
π

3

0
(
N−1

2

)
0(N/2)

t et
2
erfc(t)

]
µ3− 1

l4
= 0 (32)

2(1 +µt) +
√
π et

2
erfc(t)(µ + 2

√
π(1 +µt)) = 0 (33)

which have to be solved numerically. However in the limiting cases it is possible to obtain
analytical expressions.

4.1. Extended state limit

When the effective confinement length is large and the electron–phonon interaction is weak,
the electron wavefunction will be of extended type and will be spread over many lattice points.
Thus in this extended state limit, bothω andα are small and therefore we can take the limit,
t → 0. Using the limiting results

et
2
erfc(t) = et

2 − 2√
π

∞∑
n=0

2n

(2n + 1)!!
t2n+1−→

t→0
1 (34)

t et
2
erfc(t)−→

t→0
0 (35)

we then obtain

EGS = N

4
µ2 +

N

4µ2l4
−
√
πα

2

0
(
N−1

2

)
0(N/2)

(36)

which on minimization with respect toµ gives

µ2 = 1

l2
. (37)

We thus obtain

EGS = N

2l2
− α
√
π

2

0
(
N−1

2

)
0(N/2)

(38)

NGS = α
√
π

4

0
(
N−1

2

)
0(N/2)

(39)

RGS =
0
(
N+1

2

)
0(N/2)

l (40)

−eVGS(Er) = −
α2

N−1
2 0

(
N−1

2

)
√
πr

N
2 −1

∫
0

JN
2 −1

(qr) dq

q
N
2 −1

(
1 + q2

2

) . (41)

It is interesting to note that in the extended state limit the average number of phonons and the
polarization potential are independent ofl and depend only onα linearly, while the polaron
size decreases with decreasingl and is independent of the electron–phonon coupling constant
α.

4.2. Localized state limit

If both the confining potential and the electron–phonon interaction are strong or one of them is
strong, the electron wavefunction will be of localized type. In this case,t →∞. We therefore
use the asymptotic relation

√
πt et

2
erfc(t) ∼

t→∞1 +
∞∑
m=1

(−1)m
1.3 . . . (2m− 1)

(2t2)m
(42)
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to obtain

EGS = N

4
µ2 +

N

4µ2l4
− α

2

0
(
N−1

2

)
0(N/2)

µ (43)

NGS = α

2

0
(
N−1

2

)
0(N/2)

µ (44)

RGS =
0
(
N+1

2

)
0(N/2)

1

µ
(45)

−eVGS(Er) = −αµ
0
(
N−1

2

)
0(N/2)

1F1

(
1

2
,
N

2
;−µ

2r2

2

)
. (46)

Minimization ofEGS with respect toµ leads to the equation

µ4 −
{
α

N

0
(
N−1

2

)
0(N/2)

}
µ3− 1

l4
= 0 (47)

which has to be solved to obtainµ. In the case of strong electron–phonon coupling and weak
confinement equation (47) can be approximately solved to give

µ = α

N

0
(
N−1

2

)
0(N/2)

(48)

so that equations (43)–(46) reduce to

EGS = − α
2

4N

{
0
(
N−1

2

)
0(N/2)

}2

+
N3

4l4α2

{
0(N/2)

0
(
N−1

2

)}2

(49)

NGS = α2

2N

{
0
(
N−1

2

)
0(N/2)

}2

(50)

RGS = N

α

0
(
N+1

2

)
0
(
N−1

2

) (51)

−eVGS(Er) = −α
2

N

{
0
(
N−1

2

)
0(N/2)

}2

1F1

1

2
,
N

2
;− α

2

N2

{
0
(
N−1

2

)
0(N/2)

}2
r2

2

 . (52)

In the opposite limit of strong confinement and weak electron–phonon coupling, theαµ3 term
in (47) can be neglected and we obtain

µ2 = 1

l2
(53)

so that equations (43)–(46) read

EGS = N

2l2
− α

2

0
(
N−1

2

)
0(N/2)

1

l
(54)

NGS = α

2

0
(
N−1

2

)
0(N/2)

1

l
(55)

RGS =
0
(
N+1

2

)
0(N/2)

l (56)

−eVGS(Er) = −α
l

0
(
N−1

2

)
0(N/2)

1F1

(
1

2
,
N

2
;− r

2

2l2

)
. (57)
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Thus one can see that in the limit of strong confinement and weak electron–phonon coupling
the average number of phonons and the polarization potential are functions of bothα and l
but the polaron size depends onl alone while in the case of strong electron–phonon coupling
and weak confinement the average number of phonons, the polaron size and the polarization
potential are all governed by the parameterα alone and do not depend onl at all.

Figure 1. Polaronic corrections,−1EGS (in Feynman units), to the GS energy of an electron in
a parabolic quantum dot in 3D as a function of the confinement length (in Feynman units). The
solid lines refer to the LLPH results while the dashed and the dotted curves correspond to the
Feynman–Haken path-integral results and the RSPT results respectively.

4.3. Numerical results

As we have already pointed out, for arbitrary values ofα andl, equations (32) and (33) have
to be solved numerically. We define the GS polaronic correction (1EGS) as

1EGS = EGS − N

2l2
(58)

which we obtain for bothN = 2 andN = 3. In figure 1 we plot−1EGS as a function of
the dimensionless confinement lengthl for three values ofα (α = 1, 3, 7) for the 3D dot. In
figure 2 we plot the corresponding results for the 2D dot. As expected, we find that the polaronic
correction to the GS energy of a quantum dot electron becomes extremely large in both 2D
and 3D when the dot sizes are made sufficiently small. With increasing confinement length
the polaronic corrections however diminish in both 2D and 3D quantum dots. This decrease
in the polaronic correction with increasingl is very rapid for smalll, whereas ifl exceeds a
certain value the polaronic correction varies rather slowly withl, assuming asymptotically a
constant value, essentially independent of the size of the dot. This is the usual bulk polaron
limit. Furthermore, the quantum dot enhancement is larger in a 2D dot than in a 3D dot. To
see the efficacy of the present variational method we compare in figures 1 and 2 the LLPH
results with those obtained form Rayleigh–Schrödinger perturbation theory (RSPT) and the
Feynman–Haken path-integral method. It is clear that the LLPH results are quite close to
those obtained from the Feynman–Haken path-integral method which is known to yield very
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Figure 2. Polaronic corrections,−1EGS (in Feynman units), to the GS energy of an electron
in a parabolic quantum dot in 2D as a function of the confinement lengthl (in Feynman units).
The solid lines refer to the LLPH results while the dashed and the dotted curves correspond to the
Feynman–Haken path-integral results and the RSPT results respectively.

accurate results. Comparison of our results with those of Sahoo [8] (not shown here) shows
that our results are much better for the entire range of the parameter values.

In figure 3 we plot the polarization potential for both 2D and 3D dots as a function ofr for
α = 3 and for four values ofl (l = 0.03, 0.05, 1 and 5). It is clear that the polarization potential
is deeper in a 2D dot than in a 3D dot. Furthermore, as the confinement length decreases, the
polarization potential becomes more and more deeper and is able to support lower polaronic
GS levels.

5. The first excited state

For the first excited state which isN -fold degenerate we take the electronic function8 for the
symmetric quantum dot as

8 =
(

2µN+2

πN/2

)1/2

xN e−
1
2µ

2r2

. (59)

ρEq is then given by

ρEq =
(

1− (1− a)
2q2
N

2µ2

)
e−(1−a)

2q2/4µ2
(60)

whereqN is theN th component ofEq. The first excited state (ES) energy thus becomes

EGS =
(
N + 2

4

)
µ2 +

(
N + 2

4

)
1

µ2l4
− α

2
√

2π
N+2

2

∫
dEq e−(1−a)

2q2/2µ2

qN−1
(
1 + a2q2

2

)
×
(

1− (1− a)
2q2
N

2µ2

)2

=
(
N + 2

4

)
µ2 +

(
N + 2

4

)
1

µ2l4
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Figure 3. GS polarization potential energy,−eVGS(r) (in Feynman units), of an electron in 2D and
3D quantum dots as a function ofr. The solid lines refer to the 3D quantum dots and the dashed
curves correspond to the 2D dots.

− α0
(
N−1

2

)
√

2π0(N/2)

∫
dq e−(1−a)

2q2/2µ2(
1 + a2q2

2

) {
1− (1− a)

2q2

Nµ2
+

3(1− a)4q4

4N(N + 2)µ4

}
(61)

which has to be minimized numerically with respect toµ and a. Before discussing the
numerical results we shall present the interesting limiting cases in which simple analytical
results could be obtained.

5.1. Extended state limit (a→1)

In this limit, equation (61) becomes

EGS =
(
N + 2

4

)
µ2 +

(
N + 2

4

)
1

µ2l4
− α
√
π0

(
N−1

2

)
20(N/2)

. (62)

Minimization of (62) with respect toµ yields

µ2 = 1

l2
(63)

and thus we obtain

EGS =
(
N + 2

2

)
1

l2
− α
√
π0

(
N−1

2

)
20(N/2)

. (64)

5.2. Localized state limit

In the localized state limit we havea = 0 and therefore equation (61) becomes

EGS =
(
N + 2

4

)
µ2 +

(
N + 2

4

)
1

µ2l4
− (2N + 1)20

(
N−1

2

)
16(N + 2)0

(
N
2 + 1

)µα. (65)
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Minimization of (65) with respect toµ gives(
N + 2

2

)
µ4 −

(
N + 2

2

)
1

l4
− (2N + 1)20

(
N−1

2

)
16(N + 2)0

(
N
2 + 1

)αµ3 = 0. (66)

In the limit of weak confinement and strong electron–phonon coupling we can neglect the
second term of (66) and thus obtain

µ = (2N + 1)20
(
N−1

2

)
8(N + 2)20

(
N
2 + 1

)α (67)

which yields

EGS = −
(
N + 1

2

)4
16(N + 2)3

[
0
(
N−1

2

)
0
(
N
2 + 1

)]2

α2 +
(N + 2)5(
N + 1

2

)4
[
0
(
N
2 + 1

)
0
(
N−1

2

) ]2
1

l4α2
(68)

which without the last term can be obtained by using the Landau–Pekar method with the
Gaussian function as the trial electronic function. In the case of weak electron–phonon coupling
and strong confinement we can neglect theαµ3-term of (66) and thus obtain

µ2 = 1

l2
(69)

and

EES =
(
N + 2

2

)
1

l2
−
(
N + 1

2

)
4(N + 2)

0
(
N−1

2

)
0
(
N
2 + 1

) α
1
. (70)

5.3. Numerical results

We define the polaronic correction (1EES) in the first excited state as

1EES = EES − (N + 2)

2l2
(71)

whereEES is obtained from (61) by numerically minimizing it with respect toµ anda. We
obtain1EES for bothN = 2 andN = 3. In figure 4 we plot−1EES as a function of the
dimensionless confinement lengthl for three values ofα (α = 1, 5, 9) forN = 3. For the sake
of comparison we also plot in figure 4 the GS polaronic correction,−1EGS . It is clear that
both the GS and the ES corrections become extremely large for small values ofl. One can also
see that for weak-coupling dots the polaronic corrections to the first ES are essentially same as
that for the GS for large confinement length. However for small dots of the same material the
ES corrections are found to be somewhat smaller than the GS corrections. For strong coupling
quantum dots on the other hand we find that the polaronic corrections for the ES are always
smaller than that for the GS no matter how large is the confinement length and in the case
of small dots the difference (1EGS − 1EES) is of course quite significant. In figure 5 we
plot−1EES for N = 2. The results are qualitatively same as those obtained for the 3D dots.
Quantitatively however the polaronic enhancements are much larger in 2D dots than in 3D
dots. We furthermore observe that the difference between the GS and the first ES polaronic
corrections in the case of 2D dots can be considerably large even for moderate values ofα

andl.
We finally plot in figure 6 the ES polaronic correction,−EES , for both 2D and 3D GaAs

quantum dots as a function of the confinement lengthl0. For the sake of comparison we also
plot the GS energy correction,−1EGS . The values of the material parameters used in the
calculation have been taken from [15]. One can easily see that both the ground and the first
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Figure 4. Polaronic corrections,−1EES (in Feynman units), to the ES energy of an electron in
3D quantum dots as a function of the confinement lengthl (in Feynman units). The GS energy
corrections are also plotted for comparison.

Figure 5. Polaronic corrections,−1EES (in Feynman units), to the ES energy of an electron in
2D quantum dots as a function of the confinement lengthl (in Feynman units). The GS energy
corrections are also plotted for comparison.

excited state polaronic corrections can be considerably large for small GaAs quantum dots,
the corrections being however larger in 2D dots than in the corresponding 3D ones. It is again
interesting to note that the polaronic corrections1EGS and1EES are essentially the same
for large values ofl in both 2D and 3D GaAs quantum dots, but below a certain value ofl,
which depends on the dimensionality of the dot, the difference (1EGS−1EES) becomes non-
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Figure 6. Polaronic corrections,−1EES (in meV), to the ES energy of an electron in 2D and 3D
GaAs dots as a function of the confinement length,l0 (in Å). The GS results are also plotted for
comparison.

zero,1EGS being larger in magnitude than1EES . Indeed for small GaAs dots the difference
(1EES −1EGS) can be quite substantial, particularly in the case of 2D dots. This is expected
to have some important effect on the optical absorption properties of this quantum dot.

6. Conclusion

In conclusion, we have studied the motion of an electron in a multidimensional symmetric
polar semiconductor quantum dot with parabolic confinement in all the spatial directions. We
have employed the LLPH variational method to obtain the polaronic corrections to the ground
and the first excited state energies of the electron for the entire range of the electron–phonon
coupling constant and for arbitrary confinement length. For certain limiting cases, namely
in the extended and localized state limits, we have obtained simple closed-form analytical
expressions. For arbitrary values ofα andl we have obtained results numerically forN = 2
andN = 3. Comparison of the present ground state results with those obtained from the
path-integral method shows that the LLPH results are quite accurate. The LLPH method has
however one distinct advantage in that it could be applied to the first excited state, which is one
of the main aims of the present paper. We have also calculated the number of phonons in the
polaron cloud, the size of the polaron and polarization potential in the polaron ground state.
We find that the polaronic effects are more pronounced in a 2D dot than in a 3D dot of the
same material. For example, we show that the polaronic corrections to the ground and the first
excited states of the quantum dot electron are larger in a 2D dot than in a 3D dot and the ground
state polarization potential is deeper in a 2D dot than in a 3D dot. We furthermore show that
the polaronic corrections to the ground and the first excited state energies of the dot electron
increase with decreasing confinement length. This increase is quite slow if the dot size is large
but becomes very rapid whenl is reduced below a certain value. We also show that as the
confinement length decreases the polarization potential becomes more and more deeper and is
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thus able to support lower ground and excited state energy level. We have finally applied our
theory to the GaAs quantum dot in both two and three dimensions. We show that the ground
and the first excited state energy corrections can be considerably large in the GaAs quantum
dots if their sizes are of the order of a few nanometres. We observe that below a certain value
of the confinement length the difference between the ground and the first excited state energy
corrections due to the polaronic interaction is quite substantial, particularly in the case of the
2D dot. This might have some interesting effect on the optical absorption properties of this
quantum dot is under investigation.
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